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Within the framework of linear plasticity, based on additive decomposition of the linear strain tensor, kinematical hard-
ening can be described by means of extended potentials. The method is elegant and avoids the need for evolution equa-
tions. The extension of small strain formulations to the ﬁnite strain case, which is based on the multiplicative
decomposition of the deformation gradient into elastic and inelastic parts, proved not straight forward. Speciﬁcally, the
symmetry of the resulting back stress remained elusive. In this paper, a free energy-based formulation incorporating the
eﬀect of kinematic hardening is proposed. The formulation is able to reproduce symmetric expressions for the back stress
while incorporating the multiplicative decomposition of the deformation gradient. Kinematic hardening is combined with
isotropic hardening where an associative ﬂow rule and von Mises yield criterion are applied. It is shown that the symmetry
of the back stress is strongly related to its treatment as a truly spatial tensor, where contraction operations are to be con-
ducted using the current metric. The latter depends naturally on the deformation gradient itself. Various numerical exam-
ples are presented.
 2006 Elsevier Ltd. All rights reserved.
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Kinematic hardening during inelastic deformations at ﬁnite strain is a complicated phenomenon that neces-
sitates sophisticated modelling and has attracted, and is still attracting, attention in the literature. Kinematic
hardening is usually described by a so-called back stress, which is considered as an internal variable and for
which an adequate constitutive equation must be formulated.
In the small strains regime, two methods to account for kinematic hardening mechanism are well estab-
lished. In the ﬁrst one, a rate-type constitutive law is formulated. The constitutive law is an evolution equation
for the back stress. In fact, various laws, including sophisticated ones, have been proposed (see e.g. Armstrong0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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C. Sansour et al. / International Journal of Solids and Structures 43 (2006) 7534–7552 7535and Frederick, 1966; Chaboche and Nouailhas, 1989; Yaguchi and Ogata, 2002). The second method is based
on the formulation of suitable potential functions. Inelastic formulations with back stress can be obtained by
extending the form of the stored energy function to account for extra terms to depend on the inelastic part of
the deformation. This potential-based approach has a beautiful structure which is largely due to the fact that,
in the small strain case, inelasticity can be characterised by an additive decomposition of the linear strain ten-
sor into elastic and inelastic parts. The approach has been initiated by Ziegler (1983) and is discussed in length
e.g. in (Martin and Nappi, 1990; Nguyen, 1993; Reddy and Martin, 1994; Puzrin and Houlsby, 2001).
The extension of small strain formulations to the large strain case, in the presence of the back stress, is by
no means trivial and calls for particular attention. In passing from small to ﬁnite strains, one starts to distin-
guish between spatial formulations, where quantities deﬁned at the current conﬁguration are considered, and
material formulations, where material quantities are considered. As to the stress, in the spatial case, it is the
Kirchhoﬀ (or Cauchy) stress tensors which are the physically relevant ones. Accordingly the back stress is
expected to be of the same type. In the material case an Eshelby-like tensor (Maugin, 1994; Sansour,
2001), generated through the mixed-variant pull-back of the Kirchhoﬀ stress, will be the corresponding mate-
rial stress tensor. Here too the material back stress will be expected to be of the same type.
If we consider the ﬁrst approach, where rate-type constitutive equations for the back stress are to be for-
mulated, together with the understanding that the back stress is assumed to be a spatial tensor, the constitutive
law can only be formulated for an objective rate, the choice of which is subject to a debate. For general dis-
cussions regarding objective rates we refer, e.g., to Johnson and Bammann (1984), Sowerby and Chu (1984)
and Szabo and Balla (1989), and for applications in conjunction with kinematical hardening we refer to Dogui
and Sidoroﬀ (1985), Eterovic and Bathe (1990), Schieck and Stumpf (1995), Tsakmakis (1996a,b), Papadopo-
ulos and Lu (1997), Basar and Itskov (1999), Wang et al. (2000), Bruhns et al. (2001), Ekh and Runesson
(2001), Soric´ et al. (2002), Tsakmakis and Willuweit (2004), Gomaa et al. (2004), Naghdabadi et al. (2005),
among others. Some rates, as the Zaremba–Jaumann one, deliver in certain cases physically unacceptable
results. Recently, a new logarithmic rate has been introduced which seems very promising (Xiao et al.,
2001; Bruhns et al., 2001). The logarithmic rate, however, exhibits somehow a complicated structure. In addi-
tion, any objective rate must be integrated and necessitates sophisticated integration schemes.
Alternatively, if we now consider the material description, with the back stress is supposed to be a material
tensor, one may think that the time rate is a natural choice for an evolution equation, making the formulation
of an objective rate superﬂuous. Now, the push-forward of the material back stress to the actual conﬁguration
will result in the spatial back stress tensor to be understood as the quantity to correspond to the Kirchhoﬀ (or
Cauchy) stress tensors. The latter two are symmetric by virtue of the angular momentum equation. Since the
classical understanding is that the back stress should describe an admissible stress, it is expected that it is sym-
metric as well. However, evolution equations in terms of material time derivatives result in a back stress tensor
which is not symmetric once pushed-forward to the actual conﬁguration. This suggests that the formulation is
ﬂawed.
In what follows we restrict ourselves to and concentrate on potential-based formulations for the back stress.
Finite strain theories are very successfully formulated by adopting the multiplicative decomposition of the
deformation gradient. The appropriate framework is a material one and the material stress quantity which
drives the physical process is the mentioned Eshelby-like stress tensor. It seems now natural to consider a
material Eshelby-like tensor as the back stress. Following the structure given in the small strain regime, there
have been various attempts in the literature to extend the formulation into the regime of large strain multipli-
cative elastoplasticity by including a term (or more) related to the inelastic part of the deformation gradient in
the stored energy function (van der Giessen, 1989; Svendsen, 1998; Ortiz and Stainier, 1999; Wallin et al.,
2003; Menzel et al., 2005). The expressions for the back stress are obtained by the derivative of the stored
energy function with respect to the inelastic part of the deformation gradient. The so obtained back stress
is, accordingly, a material tensor. Here too, the mentioned attempts failed to reproduce symmetric expressions
for the back stress as deﬁned at the actual conﬁguration.
It should be mentioned that higher gradients with dislocation density tensors deﬁne a further class of poten-
tial-based formulations which describe eﬀects related to kinematical hardening. The fundamental question
related to the symmetry of the back stress is present there as well. However, higher gradients are out of the
scope of this paper.
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selves to potential-based formulations. We discuss how to formulate extended forms of the stored energy func-
tion to incorporate the eﬀect of kinematic hardening, while reproducing symmetric expressions for the back
stress (at the actual conﬁguration). It will be shown that this can only happen at the expense of treating
the back stress as a truly spatial quantity. That is, the back stress has to depend, in a speciﬁc way, on the defor-
mation gradient and contraction operations must be carried out using the current metric. The constitutive
model is developed and established at the spatial conﬁguration and then reformulated in a material setting.
While formulations at the current conﬁguration allow for more insight into obtaining a symmetric back stress,
from a numerical point of view it is more appropriate to deal with the reference conﬁguration. A further
advantage of a material setting lies in its ability to handle anisotropic material laws, allowing for possible
extension in the future. The kinematic hardening is combined with isotropic hardening, where an associative
ﬂow rule and von Mises yield criterion are applied.
The theory and the computational algorithms have been implemented and applied to a shell ﬁnite element
developed in Sansour and Kollmann (1998) and Sansour and Wagner (2001). The shell formulation allows for
the use of complete three-dimensional constitutive laws. Some numerical examples are presented.
The paper is organized as follows. In Section 2 kinematics of the elastic–inelastic body are reviewed. In
Section 3 the constitutive framework is fully developed. We start by giving a motivation for this study and
outline the structure in the linear case, give then a straight forward extension to the ﬁnite strain case, and dis-
cuss the problems involved. This is followed by developing an alternative formulation. The new theory is for-
mulated at the current conﬁguration using spatial quantities which are then pulled-back to the reference
conﬁguration to produce the material counterpart of the spatial formulation. We present extended discussions
with regard to the implications of the new formulation. In Section 4 various numerical examples are presented.
The paper closes with some conclusions.2. Kinematics of the elastic–inelastic body
In this section, the fundamental kinematic relations are summarized brieﬂy and appropriate notation is
introduced. Let B  R3 deﬁne a body. A motion of the body B is represented by a one-parameter mapping
ut : B! Bt, where t 2 R is the time (or time-like) and Bt is the current conﬁguration at time t. We assume
that the body can be identiﬁed with its conﬁguration at time t = 0, which we refer to as the reference conﬁg-
uration. That is ut0 is the identity map, At the reference conﬁguration, every material point is associated with
the position vector X 2 B and at the current conﬁguration with x 2 Bt. Thus, the relation holds ut : ut(X) =
x(t). The tangent map related to u is the deformation gradient F which maps the tangent space T XB at the
reference conﬁguration to the tangent space T xBt at the actual conﬁguration, F :¼ T XB! T xBt. The defor-
mation gradient is a two-point tensor.
For the description of the inelastic deformation, the well established multiplicative decomposition of the
deformation gradient in an elastic part, Fe, and an inelastic part, Fp, is assumed:F ¼ FeFp. ð1ÞFor metals, the inelastic part is accompanied by the assumption Fp 2 SLþð3;RÞ which reﬂects the incompress-
ibility of the inelastic deformations, where SLþð3;RÞ denotes the special linear group with determinants equal
to one.
On the basis of the decomposition (1), the following left Cauchy–Green-type tensors (formulated at the cur-
rent conﬁguration) are deﬁned:b ¼ FFT; ð2Þ
be ¼ FeFTe ; ð3Þwhere be is to be understood as the elastic deformation tensor. Correspondingly, right Cauchy–Green-type
tensors can be deﬁned as follows:
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Ce ¼ FTe Fe; ð5Þ
Cp ¼ FTp Fp; ð6Þwhere Ce is an elastic tensor and Cp is its analogous plastic counterpart.
Understanding the deformation gradient F is an element of the general linear group GLþð3;RÞ, linear trans-
formations with positive determinant, it becomes natural to deﬁne left and right time derivatives as follows:_F ¼ lF; ð7Þ
_F ¼ FL; ð8Þwhere l is the left and L is the right rate, respectively. Both rates are mixed-variant tensors. In accordance with
(7) and (8) the following relation follows:L ¼ F1lF. ð9Þ
L is thus the pull-back of the mixed velocity gradient from the current conﬁguration to the reference conﬁg-
uration. Since Fp 2 SLþð3;RÞ, here too a left and a right rate of the inelastic part of the deformation gradient
can be deﬁned. The same is true for Fp. We consider the following rates:_Fe ¼ leFe; ð10Þ
_Fp ¼ FpLp. ð11ÞTaking Eq. (7) into consideration we get immediatelyl ¼ le þ FLpF1; ð12Þ
which establishes the mixed-variant push-forward of the material inelastic rate Lp according tolp ¼ FLpF1; ð13Þ
as the spatial inelastic rate. The relation holdsl ¼ le þ lp. ð14Þ
It is important to note that in computations within the framework of classical ﬁnite strain plasticity one tacitly
assumes that Fp is well deﬁned through an adequate evolution equation for the material plastic rate Lp. A ma-
jor consequence of this assumption, which underpins all computations of classical plasticity, is that Fp is a
material tensor and as such invariant with respect to superimposed rigid body motion.
3. Constitutive relations
3.1. Background and motivation
To start with it is very insightful to review the basic equations of kinematic hardening plasticity as they
reveal themselves in the context of the linear theory. As stated in Section 1 we restrict ourselves to free
energy-based approaches in deﬁning back stress-related hardening mechanism. Let e be the linear strain ten-
sor, r be the stress tensor, and n a further stress tensor which is supposed to denote the back stress. All these
quantities are to be understood in the context of the linear theory. A starting point for a theory of plasticity
constitutes the additive decomposition of e into elastic and inelastic parts:e ¼ ee þ ep. ð15Þ
A free energy function w(ee,Z) is deﬁned, which depends on the elastic part of the strain tensor and on Z, an
internal variable meant to capture isotropic hardening eﬀects. The deﬁnition of w allows for the evaluation of
the dissipation inequality, which readsD ¼ r : _e q _wðee; ZÞP 0; ð16Þ
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of this inequality results in the relationships:r ¼ q ow
oee
; ð17Þ
Y ¼ q ow
oZ
; ð18Þas well as in the reduced dissipation inequalityDr ¼ r : _ep þ Y  _Z P 0. ð19Þ
To derive evolution equations for the internal variables ep and Z, one ﬁrst deﬁnes an elastic region using a
yield function /, which is assumed to depend on the thermodynamical forces r and Y such that the relationE :¼ fðr; Y Þ : /ðr; Y Þ 6 0g ð20Þ
holds. A popular choice for the yield function in that of von Mises which reads/ ¼ kdev rk 
ﬃﬃﬃ
2
3
r
ðrY  Y Þ; ð21Þwhere ry denotes the initial yield stress and k•k is the norm of a tensorial quantity. In the absence of kinemat-
ical hardening, r drives the plastic process. Evolution equations can be derived by utilizing the principle of
maximum dissipation which leads to the classical variational equationZ
ððr : _ep þ Y  _ZÞ þ k/ðr; Y ÞÞds ¼ stat. ð22ÞHerein, k denotes a plastic multiplier and ds denotes an adequately deﬁned parameterization of the deforma-
tion path. The variational statement leads to the following associative evolution equations for the plastic
strain rate_ep ¼ k o/
or
; ð23Þ
_Z ¼ k o/
oY
. ð24ÞThe equations are complemented with loading/unloading and consistency conditions in Kuhn–Tucker form.
The above framework completes the description of classical plasticity with isotropic hardening.
To extend the above framework to include kinematical hardening, one ﬁrst introduces the back stress ten-
sor n and deﬁnes the elastic range in the modiﬁed formE :¼ fðr; n; Y Þ : /ðr; n; Y Þ 6 0g; ð25Þ
where von Mises yield function takes the form/ ¼ kdevðr nÞk 
ﬃﬃﬃ
2
3
r
ðrY  Y Þ. ð26ÞThe quantity q = r  n is known as the relative stress. In the absence of kinematical hardening, n vanishes and
the equation reduces to the classical one. The evolution equations are modiﬁed as follows:_ep ¼ k o/
oq
; ð27Þ
_Z ¼ k o/
oY
. ð28ÞThat is, the relative stress q drives now the plastic process. To complete the task, a constitutive equation for
the back stress is to be provided. This may be achieved by resorting to an ad-hoc formulation of an evolution
equation for n. The simplest form would be of the Prager type where _n is linearly related to _ep. Alternatively,
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Frederick (1966), Chaboche and Nouailhas (1989) and Yaguchi and Ogata (2002)).
Now, the above extension was more or less carried out in an ad-hoc manner. Remarkably, an alternative
line of development makes use of the maximum dissipation principle and is based on the extension of the free
energy function to allow for the derivation of the back stress directly from that function, very much so as in
the case of the stress tensor r itself (see e.g. Nguyen, 1993; Reddy and Martin, 1994; Puzrin and Houlsby,
2001). In what follows we restrict ourselves to it. The idea is based on the understanding that kinematic hard-
ening mechanisms are supposed to alter the stored energy of the system. Now, instead of deﬁning an evolution
equation for _n, one modiﬁes the deﬁnition of the free energy function in a way which delivers directly the form
of the back stress and gives the correct version of the reduced dissipation equation. This is achieved by assum-
ing the free energy to consist of two parts. While the ﬁrst part has the already presented form, the second part
is assumed to depend directly on the inelastic part of the strain tensor ep. That isw ¼ weðee; ZÞ þ wpðepÞ. ð29Þ
With this deﬁnition of w, straightforward evaluation of the dissipation inequality leads to the constitutive law
for the stress tensorr ¼ q ow
e
oee
ð30Þand motivates the deﬁnitionsn ¼ q ow
p
oep
; ð31Þ
Y ¼ q ow
oZ
; ð32Þ
q ¼ r n; ð33Þwith the help of which, the reduced dissipation equation takes the formDr ¼ q : _ep þ Y  _Z P 0. ð34Þ
Now, the consideration of the principle of maximum dissipation in the form:Z
ððq : _ep þ Y  _ZÞ þ k/ðq; Y ÞÞds ¼ stat; ð35Þprovides us immediately with the evolution equations_ep ¼ k o/
oq
; ð36Þ
_Z ¼ k o/
oY
. ð37Þ
which are to be complemented with Kuhn–Tucker loading–unloading conditions.
From the above, it is clear that upon modifying the form of the free energy function, the framework of clas-
sical plasticity extends naturally to the case of kinematic hardening. There is an internal beauty, which is inher-
ent in this framework. However, one has to remember that this framework depends on accepting the principle
of maximum dissipation, which we have assumed to be valid.
It is very much appealing to extend this framework to the case of ﬁnite strain plasticity. In fact there has
been some attempts in the literature to do so (van der Giessen, 1989; Menzel et al., 2005; Ortiz and Stainier,
1999; Svendsen, 1998; Wallin et al., 2003). At the centre of these attempts is the understanding that the free
energy function is assumed to split into two parts. The ﬁrst one depends on an elastic strain measure, be or
equivalently Ce, while the second part depends on Cp which is to replace e
p of the linear theory.
Accordingly we assume noww ¼ welasticðbe; ZÞ þ wkinematicðCpÞ. ð38Þ
Note that welastic(be,Z) must be an isotropic function, which follows as a consequence of considering the spa-
tial quantity be as the elastic strain measure.
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as the local stress power minus the local rate of the free energy (Maugin (1992)):D ¼ s : l q0 _wðbe;Cp; ZÞ; ð39Þ
where s is Kirchhoﬀ’s stress tensor, q0 is the density at the reference conﬁguration, and 1 is deﬁned in Eq. (7).
The evaluation of Eq. (39) ﬁrst givesD ¼ s : l q0
ow
obe
: _be  q0
ow
oCp
: _Cp  q0
ow
oZ
 _Z P 0. ð40ÞUsing Eqs. (1), (3), (6), (7), (11) and (13), the time derivatives of be and Cp read_be ¼ lbe  lpbe  belTp þ belT; ð41Þ
_Cp ¼ LTp Cp þ CpLp ¼ FTlTp FTCp þ CpF1lpF. ð42ÞInserting (41) and (42) in (40) givesD ¼ s 2q0
ow
obe
be
 
: lþ 2q0
ow
obe
be  2q0FTCp
ow
oCp
FT
 
: lp  q0
ow
oZ
 _Z P 0. ð43ÞAssuming that Eq. (43) has to hold for all possible admissible processes, it is a classical argument of thermo-
dynamics to infer then that the following relations have to holds ¼ 2q0
ow
obe
be; ð44Þ
Dr ¼ 2q0
ow
obe
be  2q0FTCp
ow
oCp
FT
 
: lp  q0
ow
oZ
 _Z P 0; ð45Þwhere Dr again denotes the reduced dissipation inequality. With the deﬁnitionsq ¼ 2q0FTCp
ow
oCp
FT; ð46Þ
Y ¼ q0
ow
oZ
; ð47Þandc ¼ s q; ð48Þ
Eq. (45) takes the formDr ¼ ðs qÞ : lp þ Y  _Z P 0; ð49Þ
¼ c : lp þ Y  _Z P 0. ð50ÞAccordingly, q is the back stress tensor and c is the relative stress, which acts as the conjugate variable of the
inelastic rate lp.
In fact, we have arrived at a reduced dissipation equation which resembles very much the equations
obtained within the linear theory. It would be a straightforward task now to obtain evolution equations
for the inelastic rate lp and for _Z along the same lines as in the linear theory.
A careful examination of the above formulas, however, reveals a fundamental ﬂaw of the above develop-
ments. The quantity owoCp is symmetric by the very deﬁnition of Cp. Assuming w(Cp) to be an isotropic function,
Cp
ow
oCp
is symmetric as well. Also the stress tensor s is symmetric by virtue of the angular momentum equation.
From Eq. (46), we deduce that q can never be symmetric. The same is true for c as evident from Eq. (48). How-
ever, on physical grounds, stress quantities deﬁned at the current conﬁguration, as is the case with s and q, are
expected to be symmetric; at least in the realm of classical no-polar mechanics. The classical understanding of
the back stress is that it denotes the centre of the elastic region in the stress space spanned by the three prin-
cipal stress components. This space necessarily consists of admissible principal stresses, that result from
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symmetric, the above developments become ﬂawed and the procedure used in the linear regime cannot be
straightforwardly extended to the ﬁnite strain case. The immediate question which now arises is whether a
method can be provided that can still preserve the above thermodynamical free energy-based framework
and in the same time produces symmetric back stresses. It is this question that motivates the present study
and the answer to which will be provided in what follows.3.2. New approach, free energy function, and reduced dissipation
We want to assume again that the elastic behaviour of the body is fully characterized by means of a free
energy function w. As in previous sections we consider isotropic hardening to be characterized by the scalar
quantity Z, while kinematical hardening is supposed to relate to a tensorial strain-like quantity of second
order, which we denote by bq. Accordingly, we assume the existence of a free energy function w(be,bq,Z),
where be and bq are strain-like tensors deﬁned at the actual conﬁguration. While the deﬁnition of be is clear,
an adequate deﬁnition for bq remains to be found. As already mentioned, ad-hoc choices fail to ensure the
symmetry of the back stress. What we need is an appropriate inelastic quantity which is deﬁned at the current
conﬁguration. A natural choice would be a push-forward of Fp, or F
1
p to the current conﬁguration. This oper-
ation necessarily makes the spatial inelastic quantity to depend on F. This dependency must be in a form
which, in some sense, neutralizes the eﬀect of F on the spatial inelastic quantity. This can only happen through
a mixed-variant transformation. On the other hand, taking a look at Eq. (13), which relates the material rate
Lp to the spatial one, it becomes obvious that the mixed-variant transformation is rather natural and is inher-
ent in the structure of the theory. First we deﬁne a spatial inelastic tensor asf1p ¼ FF1p F1. ð51ÞThe tensor f1p is deﬁned by (51) and not directly by an inverse of a single tensor. However, as will be discussed
later, it can be well understood as an inverse of a quantity the physical meaning of which will become apparent
at a later stage. For the moment we deal with f1p through the deﬁnition (51). We ﬁrst note that f
1
p is an objec-
tive tensor. Then, for any R 2 SO(3) (that is R is a rotation tensor) superimposed on F, we have the modiﬁed
deformation gradienteF ¼ RF. ð52Þ
The tensor f1p transfers now according to~f1p ¼ RFF1p F1RT ¼ Rf1p RT; ð53Þwhich is nothing but the transformation rule of an objective tensor. Note also that Fp is treated as a material
tensor invariant under rigid body motion.
Having established a spatial inelastic quantity, we choose bq to be of the formbq ¼ f1p fTp . ð54ÞThe choice is natural and follows the same lines as in the deﬁnition of be. It will be shown that it provides us
with appropriate and symmetric forms for the back stress.
Further, we assume the free energy to be decomposed into an elastic part, we(be), and further plastic parts.
The latter are the sum of a part depending on the kinematic hardening, wq(bq), and a part depending on the
isotropic hardening, wz(Z). Thus, we havew ¼ welastic þ wplastic;
w ¼ welasticðbeÞ þ wkinematicðbqÞ þ wisotropicðZÞ.
ð55ÞHaving identiﬁed the free energy function, the evaluation of the dissipation inequality
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follows. The evaluation of Eq. (56) ﬁrst givesD ¼ s : l q0
ow
obe
: _be  q0
ow
obq
: _bq  q0
ow
oZ
 _Z P 0. ð57ÞUsing Eqs. (1), (3), (6), (7), (11), (51) and (54), the time derivatives of be and bq read_be ¼ lbe  lpbe  belTp þ belT; ð58Þ
_bq ¼ lbq þ bqlT  f1p ðlþ lTÞfTp  lpbq  bqlTp . ð59ÞBy assuming that the functions are isotropic and by inserting (58) and (59) in (57), we are provided withD ¼ s 2q0
ow
obe
be  2q0
ow
obq
bq þ 2q0fTp
ow
obq
f1p
 
: lþ 2q0
ow
obe
be þ 2q0
ow
obq
bq
 
: lp  q0
ow
oZ
 _Z P 0.
ð60Þ
Assuming now that Eq. (60) has to hold for all possible processes, it is a classical argument of thermodynamics
to infer then that the following relations have to hold:s ¼ 2q0
ow
obe
be þ 2q0
ow
obq
bq  2q0fTp
ow
obq
f1p ; ð61Þ
Dr ¼ 2q0
ow
obe
be þ 2q0
ow
obq
bq
 
: lp  q0
ow
oZ
 _Z P 0. ð62ÞWith the deﬁnitionsY ¼ q0
ow
oZ
; ð63Þandc ¼ 2q0
ow
obe
be þ 2q0
ow
obq
bq; ð64ÞEq. (62) takes the formDr ¼ c : lp þ Y  _Z P 0. ð65Þ
Accordingly, Y is the conjugate variable to the internal variable Z and c is the relative stress, which acts as the
conjugate variable of the inelastic rate lp. Since the relative stress must be of the formc ¼ s q; ð66Þ
where q is again the back stress, we concludeq ¼ 2q0fTp
ow
obq
f1p ð67Þas the corresponding expression for it. It is obvious that q retains symmetry. A basic advantage of the above
expressions is already apparent from Eq. (67). The back stress tensor can be explicitly calculated, avoiding the
need to formulate and integrate an objective rate as in Eterovic and Bathe (1990), Tsakmakis (1996a) and
Soric´ et al. (2002). It should be mentioned that the expression for the back stress itself may depend on further
internal variables. This is especially true if one is interested in modelling the saturation phenomenon. How-
ever, these extra internal variables will be of scalar nature and will not diminish the above mentioned
advantage.
Now, in accordance with the usual expressions in the literature (e.g. Peric´ et al., 1992; Simo, 1988; Tsakma-
kis and Willuweit, 2004), the elastic free energy is assumed to be of the following form:we ¼
1
2
a1ðtrðbe  1ÞÞ2 þ 1
2
a2trðbe  1Þ2; ð68Þ
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assumed to be of the formwq ¼
1
2
c tr~bq; ð69Þwhere c is the kinematic hardening parameter and the deﬁnition also holds~bq ¼ bqðdet bqÞ1=3
. ð70ÞThe choice of wq is dictated by the physical requirements, generally accepted to be valid in metal plasticity,
namely trq = 0.
Altogether, and with (68) and (69), c and q can be expressed asc ¼ 2q0ða1trðbe  1Þbe þ a2ðbe  1ÞbeÞ þ q0
c
ðdet bqÞ1=3
devðbqÞ; ð71Þ
q ¼ q0
c
ðdet f1p Þ2=3
devðfTp f1p Þ; ð72Þwhere dev denotes the deviator. It should be noted that the constitutive law for the back stress is not linear in
the quantity bq. However, the present form is certainly a simpliﬁcation. In this paper we conﬁne ourselves to
this simple form. More sophisticated laws, which include saturation eﬀects may be developed as well. How-
ever, such a task is left for future work.
3.3. Evolution equations and inelastic behaviour
We turn our attention now to the description of the inelastic behaviour. The existence of a purely elastic
domain E described by means of a convex yield function / expressed in terms of the Kirchhoﬀ stress tensor
s and the conjugate variables of the internal variables is assumed:E :¼ fðs; q; Y Þ : /ðs; q; Y Þ 6 0g. ð73Þ
As usual for metal plasticity, the von Mises yield function is assumed, written in the following form:/ ¼ kdev ck 
ﬃﬃﬃ
2
3
r
ðrY  Y Þ. ð74ÞHere, rY denotes the initial yield stress, kdevck is the norm of the relative stress deviator; we recall
dev c ¼ dev s dev q. ð75ÞIn addition, the following form for Y is assumed:Y ¼ HZ  ðr1  rY Þ  ð1 expðgZÞÞ;
where H is a linear isotropic hardening parameter and r1 the saturation yield stress, while g is a constitutive
parameter quantifying the rate at which the saturation yield stress is attained during loading.
To derive evolution equations for the internal variables we rely on the principle of maximum dissipation
which leads to the classical variational equationZ
ððc : lp þ Y  _ZÞ þ k/ðc; Y ÞÞds ¼ stat. ð76ÞHerein, k denotes a plastic multiplier and ds denotes an adequately deﬁned parameterization of the deforma-
tion path. The variational statement leads to the following associative evolution equations for the plastic
strain rate and the isotropic hardening variablelp ¼ k o/oc ; ð77Þ
_Z ¼ k o/
oY
. ð78Þ
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and the consistency conditionk _/ðc; Y Þ ¼ 0. ð80Þ
With the use of Eqs. (74), (77) and (78) we end up with evolution equations in the following form:lp ¼ k dev ckdev ck ; ð81Þ
_Z ¼
ﬃﬃﬃ
2
3
r
k. ð82ÞThese equations, together with the deﬁnition of the free energy function, complete the formulation of the con-
stitutive theory. However, from a numerical point of view, it is worthwhile to reformulate the equations, with-
out altering the physical content, in a purely material setting, which is done after the next section.
3.4. The decomposition F = fpfe
Now, we ask ourselves whether it is possible to establish all of the above relations without resorting to
mixed-variant transformations of material quantities. That is to establish from the outset an inelastic part
of the deformation gradient which is deﬁned at the current conﬁguration. To this end we start by considering
the following decomposition of F. We assume that the decomposition holdsF ¼ fpfe. ð83Þ
The deformation gradient is decomposed such that the elastic part applies ﬁrst followed by the plastic part.
Now if we state that the elastic parts of both decompositions (83) and (1) are the same. That is,Fe ¼ fe. ð84Þ
Then it immediately follows thatFF1p ¼ f1p F ð85Þand hencef1p ¼ FF1p F1 ð86Þ
in coincidence with deﬁnition (51). The assumption ensures that a possible deﬁnition of an elastic strain mea-
sure and, correspondingly, an elastic energy, is not aﬀected by the kind of decomposition one is adopting.
From the above, the physical meaning of fp becomes clear indicating that f
1
p is the inverse of a physically
meaningful quantity.
Having deﬁned fp we turn our attention to its rate. From the fact that a relation like (86) has to exist we
conclude that fp cannot be treated as an element of a Lie group. The rate of an element in such a group is of
multiplicative nature very much as we deﬁned Lp or l. However, this cannot be done for fp. That is, a relation
of the type_fp ¼ l^pfp ¼ fp~lp ð87Þ
is not meaningful and would provide us with incorrect expressions for the stress tensor upon evaluation of the
dissipation inequality. In fact, fp must be treated as ‘driven’ by F and its rate, accordingly, must be derived
using (86). To understand these statements, we provide a short elaboration of how multiplicative rates of
Lie groups are systematically derived.
For any element of a Lie group, say F, the neighborhood is deﬁned by the relationFneighbor ¼ expðtlÞF; ð88Þ
C. Sansour et al. / International Journal of Solids and Structures 43 (2006) 7534–7552 7545where l is said to deﬁne the Lie algebra, which we recognise as the rate, in this case a left one, and t is a time-
like parameter. With the deﬁnition of the exponential mapexpðtlÞ ¼ 1þ ðtlÞ þ 1
2!
ðtlÞ2 þ 1
3!
ðtlÞ3 þ    ; ð89Þwe obtain immediatelyDFneighbor
Dt
 
t¼0
¼ lF. ð90ÞThe relation shows how rates of multiplicative nature can be systematically derived. The procedure applies to
any Lie group, so to Fp as well. Now, Eq. (92) can be derived using the same procedure. It is straightforward to
see that the equation is the result of the linearisation with respect to t of the following expression:_fp ¼ D
Dt
ðexpðtlÞFFp expðtLpÞF expðtLÞÞ
 
t¼0
. ð91ÞWe arrive at_fp ¼ lfp þ fplp  fpl; ð92Þ
which is nothing but the expression we have being dealing with in the last subsection. Altogether we arrive at a
framework which is exactly a copy of the one produced by pushing-forward material quantities.
To complete our elaborations we show as to why the treatment of fp as an element of Lie group is inade-
quate. We just need to assume the existence of w(be) and evaluate the dissipation inequality assuming the
validity of (87). Under the above assumptions we can ﬁrst derive_be ¼ D
Dt
ðf1p bfTp Þ ¼ f1p l^pbfTp þ f1p lbfTp þ f1p blTfTp  f1p b^lTp fTp ð93Þ
with the help of which the dissipation inequality reads:D ¼ s 2q0fTp
ow
obe
f1p b
 
: lþ 2q0fTp
ow
obe
f1p b
 
: l^p P 0. ð94ÞThe last relation would lead to the expressions ¼ 2q0fTp
ow
obe
f1p b ð95Þ
for the stress tensor. Obviously the expression is inadmissible as it lacks symmetry. We stress that this inad-
missible relation is the result of utilizing the inelastic rate as deﬁned in (87) instead of the correct formula given
in (92).
From a theoretical point of view, but also from a numerical one, it is insightful to reformulate the above
developed theory in a material setting by pulling-back all the relation to the reference conﬁguration. This is
done in the next section.
3.5. Material form of the theory
The theory is now reformulated in a purely material setting. For that purpose all equations and variables
are pulled-back to the reference conﬁguration. In general, for any stress-like quantity deﬁned at the current
conﬁguration, say p, the transformation takes the formP ¼ FTpFT. ð96Þ
The quantity P deﬁnes a material tensor. Following this transformation rule we generate the following
quantities:N ¼ FTsFT; ð97Þ
C ¼ FTcFT; ð98Þ
Q ¼ FTqFT. ð99Þ
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1994; Sansour, 2001). C is a material relative stress deﬁned at the reference conﬁguration and Q is a material
back stress, where the relation holdsC ¼ NQ. ð100Þ
It should be mentioned that the transformation is very much motivated by the validity of the relations : l ¼ N : L ð101Þ
with L being deﬁned in (9). It should also be noted that the treatment of the stress tensors as mixed-variant
quantities is fundamental if one is to arrive at correct form of the material version of the theory.
In the reference conﬁguration the evolution equations (77) and (78) take the formLp ¼ k dev C
T
jjdev Cjj ¼ km; ð102Þ
_Z ¼
ﬃﬃﬃ
2
3
r
k; ð103Þwhere m is normal to the yield surface. The yield function (74) has the physically equivalent form/ ¼ kdev Ck 
ﬃﬃﬃ
2
3
r
ðrY þ Y Þ ¼ 0. ð104ÞThe relative stress and the back stress are now functions of the quantities CCp
1,Fp
1 and C:C ¼ q0 2a1trðCC1p  1ÞCC1p þ 2a2ðCC1p  1ÞCC1p þ
c
ðdet F1p Þ2=3
devðCF1p C1FTp Þ
" #
; ð105Þ
Q ¼ q0
c
ðdet F1p Þ2=3
devðFTp CF1p C1Þ. ð106ÞClearly, the above equations are the result of a speciﬁc and rather simple choice of the free energy function.
The framework of the theory is of course a general one and is not conﬁned to such a certain choice.
3.6. Discussion and further remarks
Beyond Fp and Z, f
1
p has been treated as a so-called internal variable. f
1
p is in fact a function of Fp and F
and is, accordingly, fully determined by these two quantities. Important in this regard that f1p determines what
we have identiﬁed as the back stress. This fact necessitates a more in-depth discussion about the behaviour of
these quantities under unloading conditions. There is a general believe that internal variables are expected not
to be aﬀected during unloading. This is in fact true for a scalar internal variable as well as for Fp which, by
deﬁnition, is constant under unloading. Already by deﬁnition f1p does depend on F, which is going to be
aﬀected by any unloading process. Hence, q will change in such a process as well. Naturally, the question arises
of how this behaviour can be justiﬁed?
First, it is worthwhile to point out that the appearance of F in the expression for the back stress is valid for
any approach, so too for the one discussed in Section 3.1, which does not provide us with symmetric back
stresses, as is evident from Eq. (46). Then, whatever the expression at the reference conﬁguration may be, once
pushed-forward to the current conﬁguration, F becomes part of the equation. Of course our expression diﬀers
from that of Eq. (46) is such a way which ensures symmetry. To see in which way, let us have a look at the
material expressions for the relative and the back stresses in Eqs. (105) and (106). The equations reﬂect a major
structure in the theory of material stress tensors. To see this recall that the material stress tensor N, deﬁned in
(98), must fulﬁll a side condition which is the angular momentum equation. While this condition is reﬂected in
the symmetry requirement for s, the same condition for N readsC1N ¼ NTC1; ð107Þ
C. Sansour et al. / International Journal of Solids and Structures 43 (2006) 7534–7552 7547which results in the expression (Maugin, 1994)NT ¼ CNC1. ð108Þ
It is the same structure that appears on the right hand side of (105). In fact, the material expressions for the
stress tensors indicate that the symmetry of the back stress q or, equivalently, the symmetry of the relative
stress c, is achieved by reproducing certain structures inherent in the theory of material stresses which are
of the same mixed-variant type as the stress tensor N.
Altogether, in breaking with the idea that the back stress is constant during unloading we demand that it is a
true spatial quantity. The ﬂow rule is to be evaluated at the current conﬁguration using the current metric (or at
the reference conﬁguration using equivalent pulled-back expressions). That is, the expression ks  qk in the ﬂow
rule is to be evaluated with respect to the current conﬁguration by using the current metric.We recall that f1p is a
mixed-variant push-forward of the material F1p . That is f
1
p deﬁnes what is considered inelastic at the actual con-
ﬁguration. The mixed-variant transformation ensures that the inﬂuence of F is counter-balanced by that of F1.
To see how this happens let us consider the tangent vectors at the reference conﬁgurationGi, and let gi, be those
at the current conﬁguration, where gi, are supposed to be the maps of Gi, under F. That is, the relation holdsgi ¼ FGi. ð109Þ
Let gij and g
ij be the co- and contra-variant metrics at the actual conﬁguration. A mixed-variant representation
of F1p with respect to Gi, reads: F
1
p ¼ ðF1p ÞijGi Gj. From Eq. (51) we infer that f1p has also the represen-
tation f1p ¼ ðF1p Þijgi  gj. We see immediately that the invariants of f1p coincide with those of F1p . As to the
quantity fTp f
1
p , which determines the back stress, we havefTp f
1
p ¼ ðF1p ÞabðF1p Þrjgargibgi  gj. ð110ÞAny change of the current conﬁguration (so also within an unloading process) will modify this quantity in a
double manner. First it changes the basis and it changes the metric. The change of basis does not change the
invariants of the quantity, as is evident form the mixed-variant structure of the quantity. However, the invar-
iants will be modiﬁed by the change of the metric. But here also the inﬂuence of the metric is not arbitrary.
Any modiﬁcation by gij is counter-balanced by its inverse g
ij. If the process is one-dimensional or takes place
along constant principal axes, then the invariants will remain in fact constant during unloading. In other
words the dependency on the current metric is just an adaptation to the fact that we are dealing with quantities
deﬁned at the current conﬁguration and necessary will be modiﬁed by any change of it. If we consider the
expressions s ¼ sijgi  gj and q ¼ qijgi  gj, then the evaluation of the ﬂow rule will necessitate contraction
operations to take place. As becomes obvious from (110), the whole approach comes down to the statement
that while ðF1p Þab will remain constant under unloading, the contraction operator is to be evaluated using the
current metric. In this sense and only in this sense the back stress depends on F.
4. Numerical examples
The developed theory has been implemented in a code for shell ﬁnite element computations. The shell the-
ory and the ﬁnite element formulation have already been presented in Sansour and Kollmann (1998) and
Sansour and Wagner (2001). The shell formulation is based on a seven-parameter theory which includes trans-
versal strains and thus enables the application of a complete three-dimensional constitutive law. For the sake
of brevity, the details of the numerical implementation are not included but three representative examples are
considered.
4.1. Uniaxially loaded membrane
As the ﬁrst example a thin plate under in-plane line loading is considered. Due to symmetry only one quar-
ter is discretized by one element. The geometry of the plate is given in Fig. 1 and the material data are:
Young’s modulus E = 210 · 103 N/mm2, Poisson’s ratio m = 0.3, the initial yield stress rY = 240 N/mm2,
the isotropic hardening parameter H = 8.0 · 102 N/mm2 and the kinematic hardening parameter
c = 8.0 · 102 N/mm2. The line load is q = 0.01 N/mm and the loading cycles presented in Fig. 1 are imposed.
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Fig. 1. Membrane: geometry and type of loading.
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Fig. 2. Membrane: (a) isotropic, (b) kinematic, (c) isotropic and kinematic hardening.
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and both isotropic and kinematic hardening.
4.2. Simple shear
As the second example, the homogeneous shear deformation of a rectangular sheet is analyzed, as shown in
Fig. 3. This simple shear problem has been used as a benchmark for testing ﬁnite strain theories by a number
of authors. The homogeneous shear deformation is induced in a single element by horizontally sliding the
upper boundary of the sheet and keeping its lower edge ﬁxed. The elastoplastic behaviour employing only
kinematic hardening responses is considered.
The material data are: Young’s modulus E = 206890 MPa, Poisson’s ratio m = 0.29, the initial yield stress
ry = 220 MPa and the kinematic hardening parameter c = 1000 MPa. The shear stresses versus shear strain
curves are plotted in Fig. 3.
It is well known that the large shear strain produced in the deformation process and the large continuous
change of orientation of the principal strain axes make this deformation sensitive to imperfections in compu-
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To the contrary, the recently developed co-rotational logarithmic rate produces meaningful results (Xiao
et al., 2001; Bruhns et al., 2001). The computational results are compared with the values obtained using
the mentioned logarithmic rate. As it may be seen, the shear stress computed by the proposed formulation
is increasing monotonously and is in good agreement with the results of the logarithmic rate. Recall that
one of the advantages of the present formulation in comparison to a rate-based one manifests itself in the lack
of an integration process, which is otherwise necessary for a rate-type constitutive law.
The kinematic hardening response exhibited by cyclic loading is presented in Fig. 4.
4.3. Quadrilateral plate subjected to cyclic in-plane loading
The ﬁnal example considers a rectangular plate, ﬁxed at the left edge and subjected to cyclic loading on the
right edge, Fig. 5. The plate is of dimension 60 · 40 mm and it is discretized by 20 · 20 elements. The material
data are: Young’s modulus E = 210000 N/mm2, Poisson’s ratio m = 0.3, the initial yield stress ry = 240
N/mm2, the isotropic hardening parameter H = 1600 N/mm2 and the kinematic hardening parameter
c = 1600 N/mm2.
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Fig. 5. Plate: geometry and loading curve.
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Fig. 7. Plate: deformed conﬁguration for two extreme deformation positions.
7550 C. Sansour et al. / International Journal of Solids and Structures 43 (2006) 7534–7552The load factor versus displacement curves describing isotropic, kinematic and combined isotropic and
kinematic hardening behaviour are plotted in Fig. 6. Deformed conﬁgurations for two extreme positions
are plotted in Fig. 7.
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In this paper questions related to theories of ﬁnite strain plasticity with back stresses have been addressed.
The approach is energy-based and the expressions for the back stress are given by corresponding derivatives of
the stored energy function with respect to the inelastic part of the deformation gradient. The elaborations
show that the condition of symmetry of the back stress, as deﬁned at the current conﬁguration, can only
be achieved if it is made to depend, in a certain way, on the deformation gradient F itself. This necessitates
a departure from considering the back stress as strictly constant under unloading. However, the dependence
on F is not arbitrary but is given by mixed-variant push-forward operations which include F but also its
inverse F1. A further strong argument in support for the new approach is provided by the statement that,
from the outset, any strictly constant tensor cannot be regarded as a spatial quantity. The material form of
the theory further conﬁrmed that the expressions related to the material form of the back stress depend on
C and C1 reﬂecting a structure which is present when dealing with the material Eshelby-like stress tensor.
The structure is a direct reﬂection of the symmetry of the Kirchhoﬀ stress tensor, the mixed-variant pull-back
of which will deliver its mentioned material counterpart. Some numerical examples presented demonstrated
that the formulation is useful.
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